Abstract. In this paper we prove a homological stability theorem for the diffeomorphism groups of high dimensional manifolds with boundary, with respect to forming the boundary connected sum with the product D p+1 × S q for |q − p| < min{p, q} − 2 . In a recent joint paper with B. Botvinnik, we prove that there is an isomorphism
in the case that n ≥ 4 . By combining this "stable homology" calculation with the homological stability theorem of this current paper, we obtain the isomorphism H k (BDiff((D n+1 × S n ) ♮g , D 2n ); Z) ∼ = H k (Q0BO(2n + 1) n +; Z) in the case that k ≤ In this paper we study the homological properties of this direct system in the case when V is a high-dimensional handlebody D p+1 × S q . Our main result can be viewed as an analogue of the homological stability theorems of Harer [8] , or the theorem of Galatius and Randal-Williams [4] , for high-dimensional manifolds with boundary. Below we state our main theorem. For p, q, g ∈ Z ≥0 , let V g p,q denote the g -fold boundary connected sum, (D p+1 × S q ) ♮g . Let d(π q (S p )) denote the generating set length of the homotopy group π q (S p ), which is the quantity, d(π q (S p )) = min{k ∈ N | there exists an epimorphism Z ⊕k → π q (S p )}. We let κ(∂M ) and κ(M, ∂M ) denote the degrees of connectivity of ∂M and (M, ∂M ) respectively. The main result of this paper is stated below. The above theorem implies that the homology of the direct system (1.1) stabilizes in the case V = V 1 p,q . For certain choices of p and q we can also identify the homology of the colimit. In joint work with B. Botvinnik [1] we construct a map,
which we prove induces an isomorphism in H * (−, Z) in the case that n ≥ 4. Combining this homological equivalence with Theorem 1.1 we obtain the following corollary which lets us compute the homology of the classifying space BDiff((D n+1 × S n ) ♮g , D 2n ) in low degrees relative to g . Corollary 1.1.1. Let 2n + 1 ≥ 9. Then there is an isomorphism,
.
In addition to the classifying spaces of diffeomorphism groups of manifolds, we prove an analogous homological stability theorem for the moduli spaces of manifolds equipped with tangential structures, see Theorem 8.1. The precise statement of this theorem requires a number of preliminary definitions and so we hold off on stating this result until Section 8 where the theorem is proven.
1.2.
Ideas behind the proof. The proof or our main theorem follows the strategy developed by Galatius and Randal-Williams in [4] used to prove homological stability for the diffeomorphism groups, Diff((S n × S n ) #g , D 2n ), g ∈ N. The technique is also largely inspired by analogous the homological stability theorem of Harer [8] for the mapping class groups of surfaces. Given a compact manifold triad (M, ∂ 0 M, ∂ 1 M ) and integers p + q + 1 = dim(M ), we construct a simplicial complex K ∂ (M ) p,q , that admits an action of the diffeomorphism group Diff(M, ∂ 0 M ). Roughly, an l -simplex of K ∂
• (M ) p,q is given by a set of embeddings, φ 0 , . . . , φ l : (V 1 p,q , ∂V 1 p,q ) −→ (M, ∂ 1 M ), for which φ i (V 1 p,q ) ∩ φ j (V 1 p,q ) = ∅ for all i = j . Nearly all of the technical work of this paper is devoted to showing that the connectivity of the geometric realization |K ∂ (M ) p,q | increases linearly (with a factor of 1/2) in the number of boundary-connect-summands of V 1 p,q contained in M (see Theorem 3.2). Once high-connectivity is established, the homological stability theorem follows by the same spectral sequence argument used in [4] . Most of the simplicial and homotopy theoretic techniques that we use come from [4] , but the geometric-topological the aspects of the paper require new constructions and arguments. We describe some of these new features below.
The simplicial complex K ∂ • (M ) p,q can be viewed as a "relative version" of the semi-simplicial space constructed in our previous work [13] , used to prove homological stability for the diffeomorphism groups Diff((S q × S p ) #g ), g ∈ N. Our proof that the space |K ∂ (M ) p,q | is highly connected follows a similar strategy to what was employed in [13] . The idea is to map K ∂ (M ) p,q to another simplicial complex, L(W ∂ p,q (M, ∂ 1 M )), that is constructed entirely out of algebraic data associated to the manifold M , which we call the Wall form associated to M (see Section 5) . Wall forms were initially defined in [13] to study closed manifolds and their diffeomorphisms. In this paper we have to use a relative version of the Wall form used to study manifold pairs (M, ∂M ) and diffeomorphisms M −→ M that are non-trivial on the boundary. High-connectivity of the complex L(W ∂ p,q (M, ∂ 1 M )) follows from our work in [13] as well, and so it remains to prove that the mapK ∂
• (M ) p,q −→ L(W ∂ p,q (M, ∂ 1 M )) is highly connected. One of the main ingredients used in our proof that the mapK ∂
• (M ) p,q −→ L(W ∂ p,q (M, ∂ 1 M )) is highly-connected is a new disjunction result for embeddings of high-dimensional manifolds with boundary, this is Theorem A.1 stated in the appendix. If (P, ∂P ), (Q, ∂Q) ⊂ (M, ∂M ) are submanifold pairs, Theorem A.1 gives conditions for when one can find an ambient isotopy Ψ t : (M, ∂M ) −→ (M, ∂M ) with Ψ 0 = Id M , such that Ψ 1 (P ) ∩ Q = ∅. Theorem A.1 can be viewed as a generalization of the disjunction results of Wells [16] , and Hatcher and Quinn [6] , and thus could be of independent interest.
1.3. Plan of the paper. In Section 2 we recast the maps of the direct system (1.1) as maps arising from concatenation with a relative cobordism between two compact manifold pairs. This will enable us to restate Theorem 1.1 in a slightly more general form that will be easier for us to prove. In Section 3 we construct the main simplicial complex, K ∂ (M ) p,q . In Section 4 we define certain algebraic invariants associated to a manifold with boundary. Section 5 is devoted to a recollection of some results from our previous work in [11] regarding Wall forms. In Section 6 we use the results developed throughout the rest of the paper to prove that |K ∂ (M ) p,q | is highly connected. In Section 7, we show how to obtain Theorem 2.3 (and thus Theorem 1.1) using the high connectivity of |K ∂ (M ) p,q |. In Section 8 we show how to obtain an analogue of Theorem 2.3 for the moduli spaces of handlebodies equipped with tangential structures. In Appendix A we prove a disjunction theorem for embeddings of high-dimensional manifolds with boundary.
1.4. Acknowledgments. The author thanks Boris Botvinnik for helpful conversations. The author was supported by NSF Postdoctoral Fellowship, DMS-1502657.
Relative Cobordism and Stabilization
To prove Theorem 1.1, we will need to recast the direct system (1.1) as arising from concatenation with a relative cobordism between two compact manifold pairs. Doing this will make our constructions consistent with the cobordism categories considered in [2] and [1] . Below we introduce some definitions and terminology that we will use throughout the paper. Recall that a triad of topological spaces is a triple (X; A, B) where X is a topological space and A, B ⊂ X are subspaces.
We will denote by ∂ 0,1 W the intersection ∂ 0 W ∩ ∂ 1 W . We will refer to ∂ 0 W and ∂ 1 W as the faces.
Two compact d-dimensional manifold pairs (M, ∂M ) and (N, ∂N ) are said to be cobordant if there exists a (d+ 1)-dimensional compact manifold triad (W ;
is then said to be a relative cobordism between the pairs (M, ∂M ) and (N, ∂N ).
Let (M ; ∂ 0 M, ∂ 1 M ) be an m-dimensional, compact manifold triad. Let Diff(M ) denote the topological group of self-diffeomorphisms f : M −→ M with f (∂ i M ) = ∂ i M for i = 0, 1. We are mainly interested in the subgroup Diff(M, ∂ 0 M ) ⊂ Diff(M ) consisting of those self-diffeomorphisms that restrict to the identity on a neighborhood of ∂ 0 M . We will need the following construction. Construction 2.1. Let (P, ∂P ) be an (m − 1)-dimensional manifold pair and let (K; ∂ 0 K, ∂ 1 K) be a compact manifold triad such that
by extending diffeomorphisms identically over K . This homomorphism in turn induces a map on the level of classifying spaces,
This map should be compared to the one from [4, Equation 1.1]. Indeed, they are the same map in the case that
Suppose now that ∂ 0 M and ∂ 1 M are non-empty. Let p and q be integers such that p+q +1 = m. Let K p,q then denote the manifold obtained by forming the boundary connected sum of D p+1 × S q , with ∂ 0 M × [0, 1]. In constructing K p,q we form the boundary connected sum along a neighborhood contained in the complement of the subspace ∂ 0 M × {0, 1} ⊂ ∂ 0 M × [0, 1]; in this way the boundary of K p,q will contain ∂ 0 M × {0, 1}. We then set:
We apply Construction 2.1 to this relative cobordism (K p,q , ∂ 1 K p,q ). We form the manifold M ∪ ∂ 0 K p,q and notice
to be the map on classifying spaces induced by (K p,q , ∂ 1 K p,q ) from (2.1). We will refer to this map as the (p, q)-th stabilization map.
Remark 2.1. Note that the manifold M ∪ ∂ 0 K p,q is diffeomorphic to the boundary connected sum
In the case that ∂ 0 M = D p+q we obtain the maps used in the direct system (1.1); we take this to be the definition of those maps.
We will now restate Theorem 1.1 in terms of the maps defined above. We need one more preliminary definition. Recall from the previous section the manifold V so as to obtain a manifold triad. With dim(M ) = m and p + q + 1 = m as above, we let r p,q (M ) be the integer defined by,
We refer to this quantity as the (p, q)-rank of M . This quantity r p,q (M ) is equivalent to the maximal number of boundary connect summands of D p+1 × S q that split off of M . We emphasize that the
The value r p,q (M ) depends on the structure of the triad (M ; ∂ 0 M, ∂ 1 M ) and not just the manifold M itself. In particular, switching the roles of ∂ 0 M and ∂ 1 M in (2.3) will change the value of the rank r p,q (M ).
As in the statement of Theorem 1.1 we will need to assume that the following inequalities are satisfied:
where recall that κ(∂ 1 M ) and κ(M, ∂ 1 M ) denote the degrees of connectivity of ∂ 1 M and (M, ∂ 1 M ) respectively. The main theorem that we will prove in this paper is stated below; it is a generalization of Theorem 1.1. Recall the generating set length d(π q (S p )).
be an m-dimensional, compact, manifold triad with ∂ 0 M and ∂ 1 M nonempty. Let p and q be positive integers with p + q + 1 = m and suppose that the inequalities of (2.4) are satisfied. Let r p,q (M ) ≥ g . Then the homomorphism
The Complex of Embedded Handles
In this section we construct a semi-simplicial space that is analogous to [4, Definition 5.1]. The definition requires a preliminary geometric construction. For integers p, q , and g , let (V 
We will construct a slight modification of the manifold V p,q . Choose an embedding,
Construction 3.1. We construct a subspace of V p,q as follows. Choose a basepoint (a 0 , b 0 ) ∈ ∂D p+1 × S q such that the pair (a 0 , −b 0 ) is contained in the face ∂ 1 V p,q . Choose an embedding γ : [0, 1] −→ W p,q that satisfies the following conditions:
We define (B p,q , C p,q ) ⊂ ( V p,q , W p,q ) to be the pair of subspaces given by,
The inclusion (B p,q , C p,q ) ֒→ ( V p,q , W p,q ) is clearly a homotopy equivalence of pairs. We will refer to the pair (B p,q , C p,q ) as the core of ( V p,q , W p,q ).
We now use the above construction to construct a simplicial complex. Let (M ;
. For each pair of positive integers p and q with p + q + 1 = m, we define a simplicial complex K ∂ (M, a) p,q . Definition 3.2. The simplicial complex K ∂ (M, a) p,q is defined as follows:
is defined to be a pair (t, φ), where t ∈ R and φ : V p,q −→ M is an embedding that satisfies: (ii) A set of vertices {(φ 0 , t 0 ), . . . , (φ l , t l )} forms an l -simplex if t i = t j and φ i (B p,q )∩φ j (B p,q ) = ∅ whenever i = j , where recall that B p,q ⊂ V p,q is the core from Construction 3.1.
Remark 3.1. The embedding a was necessary in order to define the complex K ∂ (M, a) p,q , however, it will not play a serious role in any of our proofs latter in the paper. For this reason we will drop the embedding a from the notation and will denote
The majority of the technical work of this paper is devoted to proving Theorem 3.2 stated below. The statement of this theorem will require the use of a definition from [4] which we recall below. Definition 3.3. A simplicial complex X is said to be weakly Cohen-Macaulay of dimension n if it is (n − 1)-connected and the link of any p-simplex is (n − p − 2)-connected. In this case we write wCM (X) ≥ n. The complex X is said to be locally weakly Cohen-Macaulay of dimension n if the link of any simplex is (n − p − 2)-connected (but no global connectivity is required on X itself ). In this case we shall write lCM (X) ≥ n.
Let p, q ∈ N be such that p + q + 1 = m and suppose that the inequalities,
) be the generating set rank and suppose that r p,q (M ) ≥ g . Then the geometric realization
The proof of the above theorem takes place over the course of the next three sections of the paper. In addition to the simplicial complex defined above, we will need to work with two related semi-simplicial spaces. Let (M ; ∂ 0 M, ∂ 1 M ), p, and q be as above and let a : [0, 1) × R m−1 + −→ M be the same embedding used in Definition 3.2. We define two semi-simplicial spaces K ∂
• (M ) p,q and K ∂
• (M, a) p,q below. Definition 3.4. The semi-simplicial space K ∂
• (M ) p,q is defined as follows: (i) The space of 0-simplices K ∂ 0 (M, a) p,q is defined to have the same underlying set as the set of vertices of the simplicial complex K ∂ (M, a) p,q . That is, K ∂ 0 (M, a) p,q is the space of pairs (t, φ), where t ∈ R and φ : V p,q −→ M is an embedding which satisfies the same condition as in part (i) of Definition 3.2.
(ii) The space of l -simplices,
are topologized using the C ∞ -topology on the space of embeddings. The assignments
is given by forgetting the ith entry in the l -tuple
As in Remark 3.1, when working with
we will drop the embedding a from the notation and write, 
The result is obtained from Theorem 3.2 by assembling several results from [4] . Let g ∈ Z ≥0 be given. Consider the discretization K ∂
• (M ) δ p,q . This is the semi-simplicial space obtained by defining each K ∂ l (M ) δ p,q to have the same underlying set as
and so there is exactly one l -simplex in K ∂
• (M ) δ p,q with underlying set equal to σ . It follows from this that
By replicating the same argument used in the proof of [4, Theorem 5.5] it follows that the connectivity of |K ∂
• (M ) p,q | is bounded below by the connectivity of |K ∂
• (M ) δ p,q |, and thus
We remark that this proof from [4] uses the fact that lCM
and this is established in Theorem 3.2). Finally, to finish the proof of the lemma we observe that the inclusion 
The Algebraic Invariants

Invariants of manifold pairs.
For what follows, let M be a compact manifold of dimension m with non-empty boundary. Let A ⊂ ∂M be a submanifold of dimension m − 1. We will keep M and A fixed throughout the entire section. Let p and q be positive integers with p + q + 1 = m and suppose further that the following inequalities are satisfied:
where recall κ(A) and κ(M, A) denote the degrees of connectivity of A and (M, A) respectively. We will consider the homotopy groups π q (A) and π p+1 (M, A). We will need to be able to represent elements of these homotopy groups by smooth embeddings. The next lemma follows by assembling several results from [7] and [14] ; (ii) Any element of π q (A) can be represented by an embedding S q −→ A, unique up to regular homotopy through immersions.
We first define a bilinear map
where f :
. By the inequalities of (4.1), it follows from the Freudenthal suspension theorem that the suspension homomorphism Σ :
For this reason the formula in (4.2) is indeed bilinear and thus τ ∂ p,q is well defined. We then have a bilinear intersection pairing
to the oriented algebraic intersection number associated to the maps f | ∂D p+1 : S p −→ A and g : S q −→ A, which we may assume are embeddings by Lemma 4.1.
We have a (−1) q -symmetric bilinear pairing
defined in the same way as in [11, Construction 3.1] . We refer the reader there for the definition. The next proposition shows how the maps τ ∂ p,q , λ ∂ p,q , and µ q are related to each other. The proof follows from [11, Proposition 3.4] .
Remark 4.3. We remark that the formula in Proposition 4.2 makes sense even in the case when q < p and thus π q (S p ) = 0.
We will also need to consider a function
defined by sending x ∈ π q (A) to the element in π q−1 (SO p ) which classifies the normal bundle associated to an embedding S q → A which represents x. The map α q is not in general a homomorphism. As will be seen in Proposition 4.4, the bilinear form µ q measures the failure of α q to preserve additivity. In order to describe the relationship between α q and µ q , we must define some auxiliary homomorphisms. Letπ q :
, where the first map is induced by the bundle projection SO p −→ SO p /SO p−1 ∼ = S p−1 , and the second is the suspension homomorphism. Let d q : π q (S p ) −→ π q−1 (SO p ) be the boundary homomorphism associated to the fibre sequence SO p −→ SO p+1 −→ S p .
Proposition 4.4. The following equations are satisfied for all x, y ∈ π q (A):
We will also need the following proposition which describes how α q and τ ∂ p,q are related.
denote the boundary map. In [11, Page 9] a bilinear map
is defined. By [11, Proposition 3.8] (combined with the definition of the map τ ∂ p,q ) it follows that
be an embedding that represents the class x ∈ π p+1 (M, A). Notice that the normal bundle of f (D p+1 ) is automatically trivial since the disk is contractible. It follows that f | ∂D p+1 (∂D p+1 ) ⊂ A has trivial normal bundle as well, and thus it follows that α p (∂ p+1 (x)) = 0 since f | ∂D p+1 represents the class ∂ p+1 x ∈ π p (A). Since F p,q is bilinear, it follows that
for all x and z . This concludes the proof of the proposition.
Using the maps defined above we will work with the algebraic structure defined by the six-tuple
We refer to this structure as the Wall form associated to the pair (M, A). We summarize the salient properties of (4.6) in the following lemma. This lemma should be compared to [11, Lemma 3.9] .
Lemma 4.6. Let (M, A), p, and q be exactly as above. The maps
satisfy the following conditions. For all x, x ′ ∈ π p+1 (M, A), y, y ′ ∈ π q (A) and z ∈ π q (S p ) we have:
Modifying Intersections.
We will ultimately need to use λ ∂ p,q and µ q to study intersections of embedded submanifolds. Let (M, A), p and q be exactly as in the previous section. For embeddings f : (D p+1 , S p ) −→ (M, A) and g : S q −→ A, the integer λ p,q ([f ], [g] ) is equal to the signed intersection number of f (S p ) and g(S q ) in A. Since A is simply-connected, by application of the Whitney trick [10, Theorem 6.6], one can deform f through a smooth isotopy to a new embedding f ′ : (D p+1 , S p ) → (M, A) such that f ′ (S p ) and g(S p ) intersect transversally in A at exactly |λ ∂ p,q (x, y)|-many points, all with positive orientation. We now consider embeddings f, g : S q → A whose images intersect transversally. The intersection f (S q ) ∩ g(S q ) is generically a (q − p)-dimensional closed manifold. We will need a higher dimensional analogue of the Whitney trick that applies to the intersection of such embeddings. The first proposition below follows from [16] and [6] . Theorem 4.7. (Wells, [16] ) Let f, g : S q −→ A be embeddings. Then there exists an isotopy
We will also need a technique for manipulating the intersections of embeddings (D p+1 , ∂D p+1 ) −→ (M, A). The following theorem is a special case of Theorem A.1.
Remark 4.9. We emphasize that in Theorem 4.8 the embeddings f and g are completely arbitrary; the theorem holds for any two such embeddings so long as (M, A), p, q satisfy (4.1). Furthermore, we emphasize that the restriction Ψ t | S p is not in general the constant isotopy. The theorem would not be true if we insisted on keeping the restriction Ψ t | S p fixed for all t.
We will need to apply the above theorems inductively. For the statement of the next two results, let (M, A) and p and q be exactly as in the statements of the previous two theorems. The following corollary is proven in exactly the same way as [12, Corollary 7.5] using Theorem 4.7.
Corollary 4.9.1. Let f 0 , . . . , f m : S q −→ A be a collection of embeddings such that:
(ii) the collection of embeddings f 1 , . . . , f m is pairwise transverse.
Then there exists an isotopy Ψ t : S q −→ A with t ∈ [0, 1] and
The next corollary is proven in the same way as [1, Proposition 6.8] using Theorem 4.8.
Wall Forms
We now formalize the algebraic structure studied in Section 4. Much of this section is a recollection of definitions and results from [11, Section 5] . We begin by introducing the category underlying our main construction. 
We will refer to morphisms in Ab 2 H as H -maps.
We build on the above definition as follows. Fix once and for all a finitely generated abelian group H . All of our constructions will take place in the category Ab 2 H . Let G be an abelian H -pair, equipped with homomorphisms ∂ : H −→ G + and π : G + −→ H. Then, let ǫ = ±1. We call such a 4-tuple (G, ∂, π, ǫ) a form-parameter. Fix a form-parameter (G, ∂, π, ǫ) and let M be a finitely generated H -pair. Consider the following data:
Our main definition is given below. Definition 5.2. The 5-tuple (M, λ, µ, α) is said to be a Wall form with parameter (G, ∂, π, ǫ) if the following conditions are satisfied for all x, x ′ ∈ M − , y, y ′ ∈ M + , and h ∈ H :
The Wall form (M, λ, µ, α) is said to be reduced if α − is identically zero. In the case of a reduced Wall form, condition (vi) then translates to α + (τ M (x, h)) = 0 for all x ∈ M − and h ∈ H . A morphism between Wall forms (with the same form-parameter) is an H -map f : M −→ N that preserves all values of λ, µ, and α.
We will often denote a Wall form by its underlying H -pair, i.e. M := (M, λ, µ, α). We will need notation for orthogonal complements.
Definition 5.3. Let N ≤ M be Wall forms. We define a new sub-Wall form N ⊥ ≤ M by setting:
We will need to use the simplicial complex from [11, Definition 4.13] . For this we must recall the definition of the standard Wall form. This requires a few steps. Fix a finitely generated Abelian group H . We define an H -pair W ∈ Ob(Ab 2 H ) by setting, W − = Z and
For g ∈ N, we denote by W g the g -fold direct-sum W ⊕g . We let W denote the H -pair W 1 , and W 0 is understood to be the trivial H -pair. Fix elements a ∈ W − and b ∈ W + which correspond to 1 ∈ Z and (1, 0) ∈ Z ⊕ H respectively. For g ∈ N, we denote by a i ∈ W g − and b i ∈ W g + for i = 1, . . . , g, the elements that correspond to the elements a and b coming from the ith directsummand of W in W g . Now fix a form-parameter (G, ∂, π, ǫ). We endow W g with the structure of a Wall form with parameter (G, ∂, π, ǫ) by setting:
These values together with the conditions imposed from Definition 5.2 determine the maps λ, µ, and α completely. The vanishing of α − (a i ) for all i, implies that α − is identically zero, thus (W g , λ, µ, α) is a reduced Wall form with parameter (G, ∂, π, ǫ) (the fact that α + (b i ) = 0 for all i does not imply that α + = 0 however). We call this the standard Wall form of rank g with parameter (G, π, ∂, ǫ). We will use standard Wall form W to probe other Wall forms. The simplicial complex defined in the next Definition is an algebraic analogue of the simplicial complex defined in Section 3. To state the main theorem regarding the simplicial complex L(M) we need to introduce a notion of rank for a Wall form. The definition below is analogous to the rank r p,q (−) associated to a manifold triad (M ; ∂ 0 M, ∂ 1 M ) defined back in Section 2. One of the key technical results proven in [11] (see [11, Theorem 5 
Suppose that p and q satisfy the inequalities from (4.1). We set H = π q (S p ) and denote by W ∂ p,q (M, A) the H -pair given by setting,
and then by setting τ equal to the bilinear map,
from (4.2). We need to define a suitable form-parameter. Let G p,q denote the abelian group π p−1 (SO q ). The group G p,q together with the maps from Proposition 4.4,
, make the 4-tuple (G p,q , d q , π q , (−1) q ) into a form parameter. It follows then directly from Lemma 4.6 that the 4-tuple,
is a reduced Wall form with form-parameter (G p,q , d q , π q , (−1) q ). We call the Wall form of (5.2) the Wall form of degree (p, q) associated to (M, A). This construction should be compared to [11, Section 4.3] . We now state two basic propositions that follow directly from the definitions of τ ∂ p,q , λ ∂ p,q , µ q , and α q . There is an isomorphism of Wall forms,
Let (M ; ∂ 0 M, ∂ 1 M ) be an m-dimensional manifold triad with ∂ 0 M = ∅. Let p and q be positive integers with p + q + 1 = m and suppose that the inequalities of (4.1) are satisfied. In this section we will prove Theorem 3.2 which asserts that
In view of Theorem 5.1, we will need to construct a simplicial map
) and then prove that it is highly connected. The construction of this map and proof of its high-connectivity is carried out over the course of this section, which contains the technical core of the paper.
Recall the pair ( V p,q , W p,q ). Recall from Construction 3.1 the core, (
. Let (a 0 , b 0 ) ∈ S p × S q be the basepoint used in the construction of (B p,q , C p,q ) from Construction 3.1. Let σ ∈ π p+1 ( V p,q , W p,q ) be the class represented by the embedding, (
, and let ρ ∈ π q ( W p,q ) be the class represented by the embedding, {a 0 } × S q ֒→ C p,q ֒→ W p,q . It follows directly from the construction of V p,q that λ p,q (σ, ρ) = 1 and α q (ρ) = 0. Using this observation we may define a morphism of Wall forms
where a ∈ W − and b ∈ W + are the standard generators used in the construction of W . Using the calculations,
it follows that this morphism T p,q is an isomorphism of Wall forms. Combining this isomorphism together with Proposition 5.3 we obtain the following result.
, there is an isomorphism of Wall forms,
We are now ready to define the simplicial map F p,q from (6.1). Let φ ∈ K ∂ (M ) p,q be a vertex. We define
to be the morphism of Wall forms given by the composite,
where the second map φ * is the morphism of Wall forms induced by the embedding φ. Using this morphism T p,q together with Proposition 5.3, it follows that r(
6.2. Cohen Macaulay complexes and the link lifting property. Our next step is to prove that the simplicial map T p,q from (6.1) is highly connected. Doing this will require us to import a simplicial technique.
Definition 6.1. Let f : X −→ Y be a simplicial map between two simplicial complexes. The map is said to have the link lifting property if the following condition holds:
• Let y ∈ Y be a vertex and let A ⊂ X be a set of vertices such that f (a) ∈ lk Y (y) for all a ∈ A. Then there exists x ∈ X with f (x) = y such that a ∈ lk X (x) for all a ∈ A.
In order for the map f to have the link lifting property it is necessary that the above condition be satisfied for any set of vertices A ⊂ X . In practice, it can be difficult to verify the above lifting property for totally arbitrary subsets A ⊂ X , and one may only be able to verify it for sets of vertices subject to some condition. We will need to work with a refined version of Definition 6.1. Recall that for any set K , a symmetric relation is a subset R ⊂ K × K that is invariant under the "coordinate permutation" map (x, y) → (y, x). A subset C ⊂ K is said to be in general position with respect to R if (x, y) ∈ R for any two elements x, y ∈ C . We will need to consider symmetric relations defined on the set of vertices of a simplicial complex. Let X be a simplicial complex and let R ⊂ X × X be a symmetric relation on the vertices of X . The relation R is said to be edge compatible if for any 1-simplex {x, y} < X , the pair (x, y) is an element of R. Definition 6.2. Let f : X −→ Y be a simplicial map between two simplicial complexes. Let R ⊂ X × X be a symmetric relation on the set of vertices of the complex X . The map f is said to have the link lifting property with respect to R if the following condition holds:
• Let y ∈ Y be any vertex and let A ⊂ X be a finite set of vertices in general position with respect to R such that f (a) ∈ lk Y (x) for all a ∈ A. Then given another finite set of vertices B ⊂ X (not necessarily in general position with respect to R), there exists a vertex x ∈ X with f (x) = y such that a ∈ lk X (x) for all a ∈ A and (b, x) ∈ R for all b ∈ B .
The following lemma below is a restatement of [12, Lemma 2.3]. Its proof in [12] abstracts and formalizes the argument used in the proof of [4, Lemma 5.4]. It also uses [4, Theorem 2.4] which is a generalization of the "Coloring Lemma" of Hatcher and Wahl from [9].
Lemma 6.2. Let X and Y be simplicial complexes and let f : X −→ Y be a simplicial map. Let R ⊂ X × X be an edge compatible symmetric relation. Suppose that the following conditions are met:
(i) f has the link lifting property with respect to R; (ii) lCM (Y ) ≥ n;
Then the induced map |f | * : π j (|X|) −→ π j (|Y |) is injective for all j ≤ n − 1. Furthermore, suppose that in addition to properties (i) and (ii) the map f satisfies:
Then it follows that lCM (X) ≥ n.
Proof of Theorem 3.2.
We now give the proof of Theorem 3.2. We do this by applying Lemma 6.2 to the simplicial map F p,q :
. In order to apply this lemma to F p,q , we will need to define a suitable symmetric relation on the vertices of the complex K ∂ (M ) p,q . Definition 6.3. We define T ⊂ K ∂ (M ) p,q × K ∂ (M ) p,q to be the subset consisting of those pairs (φ 1 , φ 2 ) such that φ 1 (B p,q ) and φ 2 (B p,q ) are transverse in M .
Clearly the subset T ⊂ K ∂ (M ) p,q × K ∂ (M ) p,q is a symmetric relation on the vertices. Furthermore, this relation is edge compatible, i.e. if the set {φ 1 , φ 2 } ≤ K ∂ (M ) p,q is a 1-simplex then the pair (φ 1 , φ 2 ) is contained in T .
Proof of Theorem 3.2. Let r p,q (M ) ≥ g and let d = d(π q (S p )) be the generating set rank of π q (S p ). We will show that |K(M ) p,q | is
The proof of the theorem will follow from Lemma 6.2 once we verify the following two properties:
(i) the map F p,q has the link lifting property with respect to T (see Definition 6.2), (ii)
We begin by verifying property (i). Let f : W −→ W ∂ p,q (M, ∂ 1 M ) be a morphism of Wall forms, which we consider to be a vertex of L(W ∂ p,q (M, ∂ 1 M )). Let φ 1 . . . , φ k ∈ K ∂ (M ) p,q be a collection of vertices in general position with respect to T , such that
. . , ψ m ∈ K ∂ (M ) p,q be another arbitrary collection of vertices. To show that F p,q has the link lifting property with respect to T , we will construct a vertex φ ∈ K ∂ (M ) p,q with F p,q (φ) = f , such that φ i ∈ lk K ∂ (M )p,q (φ) for i = 1, . . . , k and (φ j , φ) ∈ T for j = 1, . . . , m.
respectively (it follows from Lemma 4.1 that these classes may be represented by embeddings). Since the cores φ 1 (B p,q ), . . . , φ k (B p,q ) are transverse and F p,q (φ i ) ∈ lk K ∂ (M )p,q (f ) for all i = 1, . . . , k , we may apply Corollary 4.9.1 and Corollary 4.9.2 to deform the embeddings ζ and ξ through isotopies to new embeddings ζ ′ and ξ ′ such that the images ζ ′ (D p+1 ) and ξ ′ (S q ) are disjoint from the cores φ i (B p,q ) for i = 1, . . . , k . Let
we may apply the Whitney trick to deform ξ ′ : S q −→ ∂ 1 M ′ , through an isotopy of embeddings into ∂ 1 M ′ , to a new embedding ξ ′′ : S q −→ ∂ 1 M ′ with the property that ζ ′ (∂D p+1 ) and ξ ′′ (S q ) intersect transversally at exactly one point in ∂ 1 M ′ . By Thom's transversality theorem we may further arrange ζ ′ (D p+1 ) and ξ ′′ (S q ) to be transverse to each of the cores ψ 1 (B p,q ), . . . , ψ m (B p,q ) while keeping them disjoint from φ 1 (B p,q ), . . . , φ k (B p,q ).
It follows by the above construction that the pair of subspaces
is homeomorphic to the pair (D p+1 ∨ S q , S p ∨ S q ). Now, both ζ ′ (S p ) and ξ ′′ (S q ) have trivial normal bundles in ∂ 1 M ; the normal bundle of ξ ′′ (S q ) is trivial because α q (f + (b)) = 0 and the normal bundle of ζ ′ (S p ) is trivial because it bounds the disk (ζ ′ (D p+1 ), ζ ′ (S p )) ⊂ (M, ∂ 1 M ) which must have trivial normal bundle since the disk is contractible. Let U ⊂ ∂ 1 M be a regular neighborhood of ζ ′ (S p ) ∪ ξ ′′ (S q ) (which is a wedge of a p-sphere with a q -sphere). The manifold U is diffeomorphic to the manifold obtained by forming the push-out of the digram
where i p : D p ֒→ S p and i q : D q ֒→ S q are embeddings. It is easily seen that this push-out is diffeomorphic to W p,q = S p × S q \ Int(D p+q ) after smoothing corners, thus we have a diffeomorphism U ∼ = W p,q . By shrinking U down arbitrarily close to its "core" ζ ′ (S p ) ∪ ξ ′ (S q ) ∼ = S p ∨ S p , we may assume that U is disjoint from φ i (C p,q ) for all i = 1, . . . , k . LetŪ ⊂ M be the submanifold diffeomorphic to U ×[0, 1] obtained by adding a collar to U ⊂ ∂ 1 M in M . We extend the embedding ζ ′ to an embeddingζ :
We let V ⊂ M be the subspace obtained by forming the union ofŪ withζ(D p+1 × D q ). By shrinkingζ(D p+1 × D q ) down toζ(D p+1 × {0}), we may assume that V is again disjoint from φ i (B p,q ) for all i = 1, . . . , k . By Proposition 6.3 (proven below) there is a diffeomorphism V ∼ = V p,q = D p+1 × S q . Furthermore, the boundary of V has the decomposition
we obtain an embedding (V p,q , W p,q ) ֒→ (M, ∂ 1 M ) with image equal to (V,
We then choose an embedding γ : [0, 1] ֒→ ∂ 1 M , disjoint from φ i (B p,q ) for all i = 1, . . . , k , and with γ(0) ∈ ∂ 0,1 V and γ(1) ∈ ∂ 0 M . Taking the union of a thickening of this arc with V yields an embedding ( V p,q , W p,q ) −→ (M, ∂ 1 M ) that satisfies condition i. of Definition 3.2. This in turn yields a vertex φ ∈ K ∂ (M ) p,q with F p,q (φ) = f such that φ(B p,q ) ∩ φ i (B p,q ) = ∅ for all i = 1, . . . , k . It follows that φ i is contained in the link of φ for i = 1, . . . , k . By construction, φ(B p,q ) is transverse to ψ j (B p,q ) for all j = 1, . . . , m. This proves that the map F p,q has the link lifting property with respect to T . By Lemma 6.2 it follows that the induced map
, we need to establish property (ii). We need to verify that,
This property follows immediately from the fact that if φ 1 , φ 2 ∈ K ∂ (M ) p,q are such that φ 1 (B p,q ) ∩ φ 2 (B p,q ) = ∅, then the morphisms of Wall forms F p,q (φ 1 ) and F p,q (φ 2 ) are orthogonal. This concludes the proof of the theorem.
There is one claim in the above proof that still needs verification, namely that the manifold V that we constructed is diffeomorphic to V p,q . We now prove that claim. Pick a base point (a, b) ∈ S p × S q such that (S p × {b}) ∪ ({a} × S q ) ⊂ W p,q = S p × S q \ Int(D p+q ). Let f : S p −→ W p,q be the embedding given by the chain of inclusions, S p ֒→ S p × {b} ֒→ (S p × {b}) ∪ ({a} × S q ) ֒→ W p,q . This embedding has a trivial normal bundle. Let f ′ : S p × D q −→ W p,q be an embedding with
denote the embedding given by,
The boundary of W p,q has the decomposition, Proposition 6.3. Let p, q ∈ N satisfy the inequality |q − p| < min{p, q} − 2. Then the manifold V constructed above is diffeomorphic to D p+1 × S q = V p,q .
Proof. Let g : S q −→ V be the embedding given by the chain of inclusions,
This embedding has trivial normal bundle and so extends to an embedding,ḡ : D p+1 ×S q −→ Int(V ). Furthermore,ḡ induces an isomorphism on homology and thus is a homotopy equivalence since V is simply connected. Let X denote the complement V \ Int(ḡ (D p+1 × S q ) ). The boundary of X decomposes as the disjoint union ∂X = ∂V ⊔ ∂ḡ(D p+1 × S q ). By excision we have the isomorphism 0 = H i (V,ḡ(D p+1 × S q )) ∼ = H i (X, ∂ḡ(D p+1 × S q )) for all i ∈ Z ≥0 , and then by Lefschetz duality we obtain
Since X and ∂V are simply connected, it follows that X is an h-cobordism between ∂V and the manifold ∂ḡ(D p+1 × S q ). Since p + q + 1 ≥ 6, it follows by the H-cobordism theorem that X is diffeomorphic to the cylinder ∂V × [0, 1]. By shrinking down this cylinder, it follows that the embeddingḡ :
This completes the proof of the proposition.
With the above proposition established, the proof of Theorem 3.2 is now complete. By Corollary 3.2.1, it now follows that the geometric realization 
Definition 7.1. We define M(M ) to be the set of compact m-dimensional submanifold triads
such that:
Denote by E(M ) the space of embeddings, (M ; 
is a locally trivial fibre-bundle. In [2] it is proven that the space E(M ) is weakly contractible. These two facts together imply that there is a weak-homotopy equivalence, M(M ) ≃ BDiff(M, ∂ 0 M ), and thus we may take the space M(M ) to be a model for the classifying space of the diffeomorphism group Diff(M, ∂ 0 M ). Now let p and q be positive integers with p + q + 1 = m. Recall from Section 2 the relative cobordism, (
is an element of the space M(M ∪ ∂ 0 K p,q ), and thus we have a continuous map,
The construction of s p,q depends on the choice of embedding α. Any two such embeddings are isotopic and thus it follows that the homotopy class of s p,q does not depend on any such choice. Using the weak homotopy equivalence M(M ) ≃ BDiff(M, ∂ 0 M ), it follows that the homotopy class s p,q agrees with the homotopy class of the stabilization map, BDiff(M, 
into a semi-simplicial space where the face maps are induced by the face maps inK
We have the following proposition:
) is the generating set length.
Proof. For each l ∈ Z ≥0 the forgetful map X ∂ l (M ) p,q −→ M(M ) is a locally trivial fibre bundle with fibre given by the spaceK
is a locally trivial fibre bundle as well with fibre given by |K ∂
• (M ) p,q |. The proposition then follows from Corollary 3.2.1 using the long exact sequence on homotopy groups associated to a fibre-sequence. 7.3. Proof of Theorem 2.3. We now will show how to use the augmented semi-simplicial space
to complete the proof of Theorem 2.3. First, we fix some new notation which will make the steps of the proof easier to state. For what follows let (M ; ∂ 0 M, ∂ 1 M ) be a compact m-dimensional manifold triad with non-empty boundary. As in the previous sections, choose positive integers p and q with p + q + 1 = m that satisfy the inequalities (2.4) with respect to (M, ∂ 1 M ). We work with the same choice of p and q for the rest of the section. For each g ∈ N we denote by M g the manifold obtained by forming the boundary connected-sum of M with (D p+1 × S q ) #g along the face ∂ 1 M . Clearly we have r p,q (M g ) ≥ g . We consider the spaces M(M g ). For each g ∈ N we have the stabilization map s p,q : M(M g ) −→ M(M g+1 ). Theorem 2.3 translates to the following statement:
For each pair of integers g, k ∈ Z ≥0 with k < g , there is a map
It follows directly from the definition of F g k that for each pair k < g , the diagram
is commutative. The following proposition is proven in the same way as [3, Propositions 5.3 and 5.5]. For this reason we omit the proof and refer the reader to these analogous results from [3] and [4] for details.
We have the following:
To finish the proof of Theorem 7.2, consider the spectral sequence associated to the augmented semi-simplicial space
where (d i ) * is the map on homology induced by the ith face map in X ∂
• (M g ) p,q . The group E ∞ j,l is a subquotient of the relative homology group
Proposition 7.3 together with Corollary 7.1 and commutativity of diagram (7.3) imply the following facts:
(s p,q ) * when j is even and is equal to zero when j is odd.
(c) The term E ∞ j,l is equal to 0 when j + l ≤
Tangential Structures
In this section we prove an analogue of Theorem 1.1 for the moduli spaces of manifolds equipped with tangential structures. Recall that a tangential structure is a map θ :
Fix a tangential structure θ : B −→ BO(d). Let M be a d-dimensional manifold with boundary. Let P ⊂ ∂M be a codimension-0 submanifold and let ℓ P :
to be the subspace consisting of those θ -structures on M that agree with ℓ P when restricted to P .
defines a continuous action of the topological group Diff(M, P ) on the space Bun(T M, θ * γ d ; ℓ P ). We define BDiff θ (M, ℓ P ) to be the homotopy quotient, Bun(T M, θ * γ d ; ℓ P )// Diff(M, P ).
We proceed to construct stabilization maps analogous to those defined in Section 2. This will require us to make some choices. Let p, q ∈ Z ≥0 be integers such that p + q + 1 = d. Definition 8.1. Fix once and for all a bundle map τ : R d −→ θ * γ d . This choice determines a canonical θ -structure on any framed d-dimensional manifold. If X is any such framed d-dimensional manifold, we denote this canonical θ -structure on X by ℓ τ X . Choose once and for all a framing,
, and consider the canonical θ -structure, ℓ τ
, induced by this chosen framing.
We call a θ -structure ℓ :
, introduced in Section 2. Let us denote P := ∂ 0 M and fix a θ -structure ℓ P : T P ⊕ ǫ 1 −→ θ * γ d . Choose a θ -structure ℓ Kp,q : T K p,q −→ θ * γ d that agrees with ℓ P on both components of ∂ 0 K p,q = ∂ 0 M × {0, 1}, and that is standard (in the sense of Definition 8.1) when restricted to V 1 p,q (where
With this choice of θ -structure we obtain a map,
This map is Diff(M, P )-equivariant, and thus it induces a map,
. In addition to the inequalities imposed on p and q in the statement of Theorem 2.3, the following theorem will require us to also impose the further condition, q ≤ p, and to assume that θ : B −→ BO(d) is such that the space B is q -connected.
Theorem 8.1. Let p and q be positive integers with p + q + 1 = d = dim(M ) and suppose that the inequalities of (2.4) are satisfied. Suppose further that q ≤ p and that θ : B −→ BO(d) is such that B is q -connected. Suppose that r p,q (M ) ≥ g . Then the homomorphism,
is an isomorphism when k ≤ The proof of the above theorem is similar to Theorem 2.3 and requires only slight modifications. The main ingredient of the proof is to show that the tangentially structured analogue of the simplicial complex K ∂ (M ) p,q (see Definition 8.2 below) is highly-connected relative to the rank r p,q (M ). With this high-connectivity established, the proof of Theorem 8.1 follows in exactly the same way as the proof of Theorem 2.3, as outlined in Section 7. We will show explicitly how to prove high-connectivity of the complex (Proposition 8.3), and refer the reader to [4, Section 7] for the rest of the argument, which by this point is standard.
We proceed to construct a simplicial complex (and related semi-simplicial spaces) analogous to the one constructed in Section 3. Let P and ℓ P : T P ⊕ǫ 1 −→ θ * γ d be as in the statement of Theorem 8. 
, and γ is a path in Bun( V p,q , θ * γ d ), starting at φ * ℓ M , ending at ℓ Vp,q , and
As in Section 3 we will also need to work with a semi-simplicial space K ∂ • (M, ℓ M , a) p,q analogous to the simplicial complex defined above.
(i) The space of 0-simplices K ∂ 0 (M, ℓ M , a) p,q is defined to have the same underlying set as the set of vertices of the simplicial complex
are topologized using the C ∞ -topology on the spaces of embeddings and bundle maps. The assignments
with face maps defined the same way as in Definition 3.4.
Finally, the sub-semi-simplicial spaceK
q is defined to be the subsemi-simplicial space consisting of all simplices ((t 0 , φ 0 , γ 0 
The key technical result that we will need is the lemma stated below. This lemma is the source of the requirement that q ≤ p and that the space B be q -connected. Fix a θ -structure ℓ D on the disk D d−1 and fix an embedding D d−1 ֒→ ∂V p,q . We consider the space Bun(T V p,q , θ * γ d ; ℓ D ).
Lemma 8.2. Suppose that q ≤ p and that θ : B −→ BO(d) is chosen so that B is q -connected. Then given any two elements
Proof. Since the space B is q -connected and V p,q is homotopy equivalent to S q , it follows that the underlying map V p,q −→ B of any θ -structure on V p,q is null-homotopic. It follows that every θ -structure on V p,q is homotopic to one that is induced by a framing of the tangent bundle. That is, every ℓ ∈ Bun(T V p,q , θ * γ d ; ℓ D ) is homotopic to a θ -structure of the form,
where the first arrow is a framing of the tangent bundle. Fix a framing, φ D :
denote the space of framings of T V p,q that agree with ℓ D when restricted to the disk D d−1 ⊂ ∂V p,q . From the observation made above, to prove the lemma it will suffice to prove the following statement: given any two framings
The tangent bundle T V p,q has a natural splitting E ⊕ N ∼ = T V p,q . The bundle E is the pull-back of the tangent bundle T S q over the projection V p,q −→ S q and N is the pull-back of the normal bundle of S q ֒→ V p,q over the projection V p,q −→ S q . The bundle N −→ V p,q is trivial and has fibres of dimension p + 1. Pick once and for all a standard framing,
Since p ≥ q by assumption, the stabilization map π q (SO p+1 ) −→ π q (SO) is surjective. From this is follows that ϕ i (for i = 1, 2) is homotopic to a framing of the form 
This concludes the proof of the lemma.
The main technical ingredient in the proof of Theorem 8.1 is the following proposition. 
Proof. As before, the degree of connectivity of |K ∂
• (M, ℓ M , a) p,q | is bounded below by the degree of connectivity of |K ∂ (M, ℓ M , a) p,q |. To prove the theorem it will suffice to show that
be the symmetric relation from Definition 6.3. As in Section 6 we have a simplicial map F p,q :
We will need to show that the map F p,q has the following properties:
(i) the map F p,q has the link lifting property with respect to T (see Definition 6.2),
is proven in the same way as in the proof of Theorem 3.2. The proof of condition (i) is similar to the proof of Theorem 3.2 but requires one extra step which we describe below. This step will rely on Lemma 8.2 and thus requires the conditions that q ≤ p and B is q -connected. M , a) p,q be a collection of vertices that is in general position with respect to T , and such that
(we have dropped the numbers t 1 , . . . , t k from the notation to save space). Let 
a) p,q be another arbitrary collection of vertices. To show that F p,q has the link lifting property with respect to T , we need to construct a vertex (φ,
for all i = 1, . . . , k and j = 1, . . . , m. By using the same procedure employed in the proof of Theorem 3.2, we may construct the embedding φ : V p,q −→ M in the same way that was done there. However, in order to obtain the path γ : [0, 1] −→ Bun(T V p,q , θ * γ d ), we need to use Lemma 8.2. Since q ≤ p and the space B is q -connected, by Lemma 8.2 we may find a diffeomorphism ϕ : V p,q −→ V p,q , that is the identity on the half-disk D p+q + ⊂ ∂ V p,q , such that the θ -structure ϕ * φ * ℓ M given by
is on the same path component of Bun(T V p,q , θ * γ d ) as the canonical θ -structure ℓ τ Vp,q
. Letting
it follows that the pair (φ • ϕ, γ) is a vertex in the complex K ∂ (M, ℓ M , a) p,q that satisfies all of the desired conditions. The construction of this vertex concludes our verification of the link lifting property. It follows from Lemma 6.2 that the degree of connectivity of |K ∂ (M, ℓ M , a) p,q | is bounded below by the degree of connectivity of |L(W ∂ p,q (M, ∂ 1 M ))|. Since q ≤ p, π q (S p ) is either isomorphic to Z or is zero, thus the generating set length d(π q (S p )) is either equal to 1 or zero. It follows from Theorem 5.
By what was proven above it follows that
-connected as well. This concludes the proof of the proposition.
With the above proposition established, the proof of Theorem 8.1 is obtained by implementing the same constructions from Section 7. We omit the rest of the proof and refer the reader to [4, Section 7] for details.
Appendix A. Embeddings and Disjunction
In this section we prove a disjunction result for embeddings of manifolds with boundary. This result implies Theorem 4.8 which is one of the main technical ingredients used to prove that the complex K(M ) p,q is highly connected. The proof of the above theorem is based on a technique developed by Hatcher and Quinn from [6] . We recall the results of Hatcher and Quinn in the following section, develop some new techniques in the sections that follow, and then finish the proof of Theorem A.1 in Section A.4.
A.1. The Hatcher-Quinn invariant. We now review the construction of Hatcher and Quinn from [6] . This construction involves the framed bordism groups of a space, twisted by a stable vector bundle.
Definition A.1. Let X be a space and let ζ be a stable vector bundle over X . For an integer n, Ω fr n (X; ζ) is defined to be the set of bordism classes of triples (M, f, F ), where M is a closed n-dimensional smooth manifold, f : M −→ X is a map, and F : ν M −→ f * (ζ) is an isomorphism of stable vector bundles covering the identity map on M .
Let M , P , and Q be smooth manifolds of dimensions m, p, and q respectively. Let t denote the integer p + q − m. Let f : (P, ∂P ) −→ (M, ∂M ) and g : (Q, ∂Q) −→ (M, ∂M ) be smooth maps.
We denote by E(f, g) the homotopy pull-back of the maps f and g . Explicitly, E(f, g) is the space defined by,
Proof. Let t denote the integer p + q − m. The connectivity conditions in the statement of the proposition implies that the pair (E(f, g), ∂E(f, g)) is t-connected, and thus, the bordism group Ω fr t ( E(f, g), η(f, g)) is trivial. It follows from this that ∂( α t (f, g, M )) = α t−1 (f | ∂P , g| ∂Q , ∂M ) = 0. We may then apply Theorem A.3 to obtain an isotopy ψ s : ∂P −→ ∂M with ψ 0 = f | ∂P , such that ψ 1 (∂P ) ∩ g(∂Q) = ∅. The proof of the proposition then follows by application of the isotopy extension theorem.
A.3. Creating intersections. In this section we develop a technique for creating intersections with prescribed Hatcher-Quinn obstructions. Let M and Q be oriented, connected manifolds of dimension m and q respectively, and let g : (Q, ∂Q) −→ (M, ∂M ) be an embedding. Let r = m − q and let f : (D r , ∂D r ) −→ (M, ∂M ) be a smooth embedding transverse to g such that, f (∂D r ) ∩ g(∂Q) = ∅. Let j ≥ 0 be an integer strictly less than r . With j -chosen in this way it follows that π r+j (S r ) is in the stable range and thus we have an isomorphism, π r+j (D r , ∂D r ) ∼ = π r+j (S r ). where the product on the right-hand side is the product in the graded bordism ring Ω fr * (pt.).
Proof. Let ℓ ∈ Z denote the oriented, algebraic intersection number associated to the intersection of f (D r ) and g(Q). By application of the Whitney trick, we may deform f so that (A. 4) f (D r ) ∩ g(Q) = {x 1 , . . . , x ℓ }, where the points x i for i = 1, . . . , ℓ all have the same sign. It follows that, (f • ϕ) −1 (g(Q)) = ℓ i=1 ϕ −1 (x i ). For each i ∈ {1, . . . , ℓ}, the framing at x i (induced by the orientations of f (D r ), g(Q) and M ) induces a framing on ϕ −1 (x i ). We denote the element of Ω fr j (pt.) given by ϕ −1 (x i ) with this induced framing by [ϕ −1 (x i )]. By definition of the Pontryagin-Thom map P j , the element [ϕ −1 (x i )] is equal to P j ([γ]) for i = 1, . . . , ℓ. Using the equality (A.4), it follows that α j (f • ϕ, g M ) = ℓ · P j ([ϕ]). The proof then follows from the fact that α 0 (f, g, M ) is identified with the algebraic intersection number associated to f (S r ) and g(Q).
We apply the above lemma to the following proposition. Proof. We will prove the proposition by carrying out an explicit construction as follows:
(i) Choose a collar embedding h : ∂Q × [0, ∞) −→ Q such that h −1 (∂Q) = ∂Q × {0}.
(ii) Choose a point y ∈ ∂Q, then define an embedding γ : [0, 1] −→ g(Q), γ(t) = g(h(y, t)). We then let x ∈ g(Q) denote the point γ(1). along an arc in ∂M that is disjoint from g(∂Q). Clearly this embedding is homotopic (as a map) to f . We emphasize that homotopy taking f to f will not be constant on the boundary of P . We then have, α t ( f , g, M ) = α t (f, g, M ) + α t ( ϕ, g, M ) = α t (f, g, M ) − α t (f, g, M ) = 0.
By Theorem A.3 there is a diffeotopy (relative the boundary of M ) that pushes f (P ) off of g(Q). Now since f is homotopic to f , it follows that f is homotopic (through maps sending ∂P to ∂M ) to an embedding with image disjoint from g(∂Q). We then apply [6, Theorem 1.1] to conclude that the embedding f is actually isotopic (rather than just homotopic) to such an embedding with image disjoint from g(Q). Then Theorem A.1 follows by isotopy extension.
